Abstract. In the recent past, deteriorating inventory has been intensively studied.
Introduction
The problem of product distribution is prevalent among a large number of organizations, including producers or merchants to a signi cant number of retailers. The goal of organizations is to determine how such items are transported and what the stock holding expense is. This problem is called an Inventory Routing Problem (IRP).
The IRP problem was introduced more than 30 years ago, and many variations of related models and solutions have been studied since then [1] . The model variations include IRP with continuous move [2] , multi-vehicle tours [3] , stochastic demand [4] , and time windows [5] .
The time windows provides a chance to satisfy a demand and to deliver products by vehicles to retailers at the earliest and latest times. There are two types of time windows: hard time windows and soft time windows. For the hard time windows, vehicles must touch the base on time; for the soft time windows, vehicles can arrive before the initial set time or after the most recent time with penalty cost included.
The cyclic inventory routing problem is a variant of IRP where customer demand rates are stable and planning horizon is in nite [6] . Similar to the other IRP problems, in this issue, the objective function is to minimize total transportation and inventory cost for the long term. Banos et al. [7] solved vehicle routing problems with time windows using a combination of evolutionary algorithm and simulated annealing. Shen [8] developed an IRP model with multiple customers, time periods, and transportation modes. The model was applied to the crude oil transportation problem. Qin et al. [9] proposed a local search for solving a periodic inventory routing problem where replenishment period, delivery quantity, and vehicle routing remain the same for every replenishment time. Raa and Aghezzaf [10] proposed solid modeling and solution approach for solving cyclic IRP by considering driving time restrictions. Osvald and Stirn [11] developed a vehicle routing problem with perishable food. They assumed that food had limited life span and divided it into three periods. In the rst period, the food quality is stable; in the second period, quality decrease; in the last period, the product is unacceptable. Chen et al. [12] developed a vehicle routing problem with perishable products. Accordingly, the value of the product decayed at a particular time limit is comparable to its original price. They did not consider product decay in terms of product's volume. Amorim and Alamada-Lobo [13] developed a routing problem model by considering two objectives: distribution cost and freshness of food. They concluded that time windows had high impact on the freshness level of product.
According to the authors' extensive literature research, only few papers have discussed the inventory routing problem for deteriorating items. A deteriorating item are de ned as a commodity exposed to decay, evaporation, obsolescence, and loss of quality marginal value, resulting in a decrease in its usefulness as compared to its original condition. Things like vegetables and fuels are the two examples of deteriorating items. There is intensive research on deteriorating items such as a deteriorating inventory model with a permissible delay of payment [14] , deteriorating inventory items considering quality, inspection, and maintenance, varying demands and production rates [15] , and deteriorating items with preventive maintenance and rework [16] . Some researchers, such as Sarkar et al. [17] , Chung et al. [18] , and Yang et al. [19] , have developed EOQ models for deteriorating items by simultaneously considering two important variables including pricing and replenishment policy. They concluded that solving pricing and replenishment policy problems simultaneously results in higher total pro t instead of only considering one of them, especially for price-dependent items. Therefore, deteriorating inventory item models should not only consider replenishment policy, but also should nd other relevant costs or strategies. Baker et al. [20] mentioned some research studies concerning deteriorating inventory models; however, they did not discuss any investigation into the deteriorating inventory model considering transportation cost. Taleizadeh et al. [21] developed a deteriorating inventory model considering quantity discount, prepayment, and transportation costs. However, the shipping cost is only from one vendor to one buyer. This paper introduces an inventory routing problem for deteriorating items, and the model considers not only inventory cost, but also transportation cost and the items that started to deteriorate when the items are loaded onto the truck. The shipping cost involves the total cost of transporting goods from one depot to retailers and returning them to the depot. Time is an important parameter to consider for deteriorating items; therefore, time windows is an important element of the model. This is the development of our previous research, which did not consider time windows [22] . Since the model is an NPhard model, a Particle Swarm Optimization method (PSO) is used to solve the problem. PSO can solve vehicle routing problems as discussed by [23] [24] [25] [26] . This paper is divided into ve sections. The rst section discusses research motivation and research gap. An inventory deteriorating item model is developed in Section 2, and Section 3 shows the PSO method for solving the model. A numerical example is exhibited in Section 4 to obtain the best PSO parameters, and a sensitivity analysis is conducted to get some insights into the model. Conclusions are presented in Section 5.
Mathematical model
In this problem, a depot with a boundless limit serves some retailers with distinctive and constant demand rates. As a Vendor Managed Inventory (VMI) scheme, the depot might control inventory in his warehouse and inventory in all retailers store. Since the items are deteriorating ones, suppliers should consider the amount of deteriorated items in vehicles and retailer's warehouse quantity of items conveyed to retailers. The IRP uses cyclic IRP where the planning horizon is in nite. However, retailers set speci c time windows for the delivered items. When vehicles arrive at the retailer's warehouse before the earliest time window, the retailers will charge additional costs to the depot. In another case, when a vehicle lands after the latest time window, the retailer has to allocate extra time for workers to unload the truck. Those additional time installments provide a chance to be charged in the depot. When optimal cycle time and routing are set for every vehicle, the same decisions are applied to every cycle time. One vehicle may have a chance to deliver in consecutive days, and there is more than one vehicle that might have an opportunity to work. The entire paper uses assumptions, parameters, and decision variables as follows: Assumptions Total vehicle capacity at sub-tour n in multi-tour v starting from depot r back to depot r. Since there is no production in retailers, the inventory level in each retailer decreases by constant customer demand and deterioration rate. The inventory level for deteriorating items at a particular time is:
Through some calculation processes and simpli cations, one has:
The order quantity at retailer i depends on demand and deterioration rate during a cycle time. The order quantity for retailer i is:
Item quantity during the transportation time decreases with a constant deterioration rate. Therefore, quantity of items at a particular time throughout transportation can be modeled as follows:
Through some simpli cations, one has:
When t 1 is the transportation time and Q is the quantity of items required by each retailer, the quantity of items carried by each vehicle (Q 0 ) is determined as follows: From Eqs. (3) and (6), one can derive the total quantities that have been delivered by each vehicle to each retailer as follows: Figure 1 shows the total quantity loaded by each vehicle. The total amount depends on transportation time, replenishment time, deterioration rate, and demand rate. According to Figure 1 , the total quantity delivered by each vehicle for a single tour can be modeled as follows:
The total cost of the problem consists of transportation cost, handling cost, holding cost, deterioration cost, and penalty time cost. Transportation cost/unit time can be modeled as follows:
Handling cost/unit time can be formulated as follows:
The total quantity delivered by each vehicle to each retailer minus aggregate demand is equal to the total deteriorating items for each retailer. The total deteriorating items for each retailer can be modeled as follows:
The total deteriorating items' cost/unit time can be modeled as follows:
The total inventory cost/unit time can be formulated as follows:
When a vehicle arrives before the earliest time windows or after the latest time windows, penalty costs are charged by the retailer to the vendor. The penalty costs per unit time for retailer i can be modeled as follows:
The objective function and the constraints of the model can be modeled as follows:
subject to: The objective function is represented by Eq. (15) . The objective function consists of transportation cost, handling cost, inventory holding costs, deterioration cost, and earliest and latest penalty costs. It is derived from the summation of Eqs. (9)- (14) . Eq. (16) assures that one retailer is served by one and only one vehicle. The rst routing equation ensures that once a vehicle enters a retailer, it will leave the retailer, as shown in Eq. (17) . Based on Eq. (18), the total transportation time of one vehicle cannot be higher than the cycle time. Eq. (19) guarantees that the volume of the items load in one vehicle is equal to total demand during one cycle, deteriorated items in a retailer's warehouse during one period, and deteriorated items during transportation time. When there is a delivery from the depot, the same vehicle must be used. This condition is shown in Eq. (20) . Eq. (21) assures that the total demand and deteriorated items loaded in one vehicle cannot exceed the vehicle's capacity. Eq. (22) ensures that the time a vehicle arrives at retailers must be more than the time a vehicle comes at previous retailers and the transportation time between retailers. A vehicle should return to the depot before a day so that it can be used in the next day, as shown in Eq. (23) . Since the model is a non-linear one and is an NP-hard model, PSO algorithm is used to solve the model.
Particle swarm optimization for solving IRPDITW
This section describes a PSO algorithm to address an Inventory Routing Problem for Deteriorating Items with Time Windows (IRPDITW). In this section, a PSO algorithm will be recommended to solve inventory routing problem for deteriorating items with time windows (IRPDITW). This section is divided into three parts. The rst part examines the PSO framework; the second shows the decoding method, and the nal section discusses the routing for one day.
PSO framework
Particle swarm optimization is a population-based computation technique by which each particle moves according to its best position and the best position of the other particle. It is like a ock of birds collectively foraging for food, where the tness function represents the food location. Details of the PSO algorithm for solving multi-tour inventory routing problem for deteriorating items are presented as Algorithm 1.
Algorithm 1 Calculate the optimal economic period using Eq. (24) . The solution can be found using Bisection method: Minimize:
subject to: 
7. If the generation meets the stopping criterion, stop. Otherwise, add generation by one and return to step 2. 8. Set Gbest from the last solution as the best option for multi-route inventory routing problem for deteriorating items.
The decoding method
Three parts represent a particle. The rst part represents some retailers; the second part is a constant value from 0 to 1; the third part is the order of each retailer. The sequencing procedure uses Algorithm 2.
Algorithm 2. Decoding method 1. Generate random numbers from 0 to 1 for the x ps values. 2. Sort the value of x ps and set the sequence of the retailers in ascending order. 3. Particle representation for nine retailers can be represented in Table 1 .
Once a global route has been established, the next step is allocating the path to vehicles by oneday schedule considering vehicles capacity and time constraint. Since items are deteriorating, a quantity that should be brought by each vehicle consists of retailer demand and the amount of deteriorated items during delivery time and stock period in the warehouse.
The routing schedule in one day
Routing is set to obtain the balance between delivered quantity in one day and the distance. The routing method is thoroughly described in Algorithm 3. It is calculated using weights, as shown in Eq. (27). 9. Allocate the rst n retailers to vehicle k; 10. If k < K, then k = k + 1 and go to 9, otherwise go to 11; 11. Calculate the tness function. If K v < P k2ST n (e 2 T 1)e 1 t 1k d k 2
, then tness function = tness function + infeasible penalty cost, where infeasible penalty cost is a big value; 12. Choose days to allocate to vehicles with the best tness function.
Numerical Example and sensitivity analysis
A numerical example is conducted to show how the model works and to obtain the best PSO solution; then, a sensitivity analysis is carried out to obtain a management insight into the model.
A numerical example
A dataset from Aghezzaf (2006) is used for the rst example, where 15 retailers are supplied from one depot. Table 2 shows the demand rate for each retailer where each retailer has di erent demand rates. The other parameters used in this numerical example include vehicle capacity equal to 100 units, average vehicle speed of 50 km/hour, xed operating cost of ¿50/hour, transportation time of ¿1/km, inventory holding cost of ¿0.1/unit/hour, and xed handling cost of ¿50. There are two vehicles available. The best solution is derived when Pbest weight = 0.5 and Gbest weight = 2 with a total cost per unit time equal to ¿ 92.2715 with route schedules for every vehicle in every day, as shown in Table 3 . It is necessary to analyze the deterioration rate for vehicle and store, since we need to recognize which impact is more signi cant than the others are. The latest time windows need to be analyzed to show the signi cance of time windows to the decision-making. We only analyzed the latest time windows since most solutions show that the problem has a tendency towards late delivery than early delivery. The inventory cost is examined since, in many research, inventory cost signi cantly in uences the total cost of the inventory issue model. The sensitivity analysis is conducted by decreasing and increasing the parameter value to 20% and 40%, respectively. The sensitivity analysis results are shown in Tables 4-7 .
From Tables 4-7 , we can gure out a sensitivity analysis for the four parameters as shown in Figure 2 . Figure 2 shows that the total cost per unit time is signi cantly sensitive to the varying values of inventory cost, and the total cost increases as the inventory cost increases. This result is consistent with the other research in inventory modeling. The total cost per unit time has an opposite trend with the latest time windows. Total cost decreases as the most recent time windows increase. However, the e ect of varying latest time windows on the total cost is lower than that on the inventory cost. In practice, it is better to dedicate e ort to reduce inventory cost than ask retailers for an increase in their latest time windows. Even though the e ect of deteriorating rates on the total cost is lower than that on latest time windows and inventory cost, deteriorating rates a ect the total cost. The total cost increases as deteriorating rates increase. These results are consistent with results of some previous research studies on deteriorating inventory items. The e ect of deterioration rate in inventory on the total cost is greater than that of the deterioration rate in the vehicle. This nding shows that managers should put more e ort into reducing the deterioration rate in inventory than that in the vehicle in order to reduce the total cost. The e ort to reduce the deterioration rate in the warehouse is also easier than reducing the deterioration rate in the vehicle. The e ect of varying environmental temperatures is also easier to handle in a warehouse as compared to such an e ect during transportation time. Temperature stability is easier to control in the warehouse than during shipping time.
The result also supports the purpose of this research which considers the deterioration rate in inventory and vehicle instead of considering deteriorating items in the vehicle, as shown by previous researches before.
Conclusion
This research study attempted to examine the deterioration rate of the cyclic inventory routing problem. Based on our intensive literature study, no research study has examined deteriorating items in the cyclic inventory problem. This study hypothesized that the deterioration rate in uences inventory total cost of any items with deteriorating characteristics. A mathematical model was developed to solve the problem. Since the proposed model was an NP-hard problem, a Particle Swarm Optimization (PSO) was drawn up to deal with the problem. A numerical illustration was conducted to show how the model works. Sensitivity analysis was done by changing the parameter of one variable and keeping the same values of the other parameters. The changing parameters included latest time windows, the deterioration rate in the vehicle, deterioration rate in warehouse, and inventory holding cost. The sensitivity analysis shows consistent results with results of previous inventory deteriorating models and gives some management insights. The holding cost exerts the greatest impact on the total cost as compared to the other involved parameters. Therefore, it is better for organizations to devote greater e ort to reducing inventory holding cost to reduce the total cost. Even though the e ect of deterioration rates is not as large as that of inventory holding cost, deterioration rate in uences the total cost. Deterioration rate in inventory results in greater e ect on the total cost than deterioration rate in vehicles. Therefore, as a contribution to the study eld, this study considered both deterioration rates in inventory and vehicle instead of only considering the deteriorating rate in a vehicle alone. The model can be developed by acknowledging perishable items and price-dependent time.
